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Abstract
An analytical approach is presented to model a metasolid accounting for anisotropic effects
and rotational mode. The metasolid is made of either cylindrical or spherical hard inclusions
embedded in a stiff matrix via soft claddings. It is shown that such a metasolid exhibits negative
mass densities near the translational-mode resonances, and negative density of moment of inertia
near the rotational resonances. As such, the effective density of moment of inertia is introduced to
characterize the homogenized material with respect to its rotational mode. The results obtained by
this analytical and continuum approach are compared with those from discrete mass-spring model,
and the validity of the later is discussed. Based on derived analytical expressions, we study how
different resonance frequencies associated with different modes vary and are placed with respect
to each other, in function of the mechanical properties of the coating layer. We demonstrate that
the resonances associated with additional modes taken into account, that is, axial translation for
cylinders, and rotations for both cylindrical and spherical systems, can occur at lower frequencies
compared to the previously studied plane-translational modes.
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1. INTRODUCTION
Elastic or acoustic metamaterials are structures with subwavelength units that exhibit
unusual macroscopic parameters within certain frequencies, such as negative mass density
[1–3], negative elastic bulk modulus [4, 5], simultaneous negative mass density and elastic
bulk modulus [6–11], or negative density and shear modulus [12, 13], and negative index
of refraction [14]. Metamaterials with unconventional constitutive parameters have broadly
extended the ability of manipulation and control of mechanical wave propagation. Wave
control can arise from the formation of band gaps, that are the frequency bands where the
propagation becomes forbidden. Differently from the Bragg band-gaps in phononic crystals
[15, 16] that are produced based on the collective effects of the periodically-arranged scat-
terers in the medium, the spectral gaps manifested in metamaterials originates in localized
resonances of the material building-blocks. Thus, in metamaterilals the production of stop
bands depends on the internal structure of the building units. Another mechanism emerged
to achieve extreme material-parameters is based on space coiling [17, 18].
Over the last decade, research on anisotropic metamaterials has enhanced the ability
to control sound and elastic wave propagation, leading to the proposal and fabrication of
new devices [19–26]. The first acoustic metamaterial that was realized is a block of stiff
material (epoxy) with uniformly (or periodically) dispersed locally resonant structural units
that consist of a high-density lead sphere coated with a soft material. This material exhibits
resonance-based spectral-gaps in low-frequency regime where the sonic wavelength is of two
orders of magnitude larger than the lattice constants. Thus, this designed material was a
major progress as sound attenuation is challenging in low frequencies. An analytical model
has been proposed to capture the essence of physics dealing with this type of materials
[2]. Since in practice the lead sphere and the host are much stiffer compared with the
coating material, in this model the host and coated sphere have been approximated to
be rigid within the long-wavelength limit. Considering the two-dimensional (2D) system
with coated cylindrical inclusions, and three-dimensional (3D) with coated spheres, effective
dynamics of the metasolid was derived in resonance-induced band-gap regimes related to
the translational motions. Analytical expressions were given for the effective mass density
which becomes negative near the resonance.
In this paper, generalizing the simple model proposed in Ref. [2], we describe the dy-
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namics of the 3D three-component composite taking into account the rotational motions
of the lead cylinder or sphere, and the matrix. It is shown that when the inclusions are
cylindrical, because of their geometrical anisotropy, wave propagation in the direction per-
pendicular to the axis of cylinders gives rise to different effective density in comparison with
the effective density describing the propagation perpendicular to that axis. Components of
the anisotropic effective density are given through analytical expressions. Furthermore, we
introduce and analytically calculate the effective density of the moment of inertia, as a pa-
rameter that describes the effective rotational mode of the material. It has been previously
demonstrated that, when the cladding is very soft, the stop-band frequency can be very low
[1]. This makes such a composite with a practical size interesting for various applications
including sound and vibration isolations. Here, allowing for additional degrees of freedom
(DOFs) related to rotational motions and translation along cylinder axis, we show that the
model predicts spectral gaps characteristic for each mode of propagation. In particular, with
the material components chosen in Ref. [2], we demonstrate that in the case of spherical
inclusions, the band gaps related to rotational mode occur in lower frequencies compared
with those corresponding to translational modes, where the respective effective parameters
become negative. Also, for the case of cylindrical inclusions, comparison between the stop
bands for translational modes along and perpendicular to the cylinders shows that those
that occur along the cylinder axis are formed at lower frequencies. In general, for materials
made of spherical or cylindrical inclusions, we analyze the occurrence of local resonances
related to each mode on the frequency axis, as function of coating-material properties. It
turns out that accounting for additional DOFs that results in additional propagation modes
improve notably the tunability of the material in terms of size and relevant frequencies. This
is significant for applications such as sound and vibration proofing, which requires small-size
materials enabling the low-frequency wave attenuation.
Rotational modes in periodic solid composites have been previously studied [10, 19, 27–
31]. Rotary resonances have been estimated by a simple model in 2D square lattice of
glass cylinders in epoxy [27]. Numerical analysis was performed to obtain double negative
properties, for density and bulk modulus, by utilizing simultaneously the local translational
and rotational resonances of a chiral microstructure with a unit cell of three-component solid
media composed of a chirally soft-coated heavy cylinder core embedded in a elastic matrix
[10]. Periodic system of rotating resonators coated by an anisotropic heterogeneous elastic
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material embedded in a matrix, which was modeled by an asymptotic approach, has been
reported to produce negative refraction [29]. Thus, by modelling the anisotropic material
that is placed between the core and matrix as ligaments, and by coupling the translational
motions with rotations, it has been numerically demonstrated that this structured medium
could be employed for lensing and mode localization. Due to simultaneous translational and
rotational local-resonances, a metasolid made of a chiral microstructure with a single phase
material served as a system to experimentally achieve negative refraction [30]. Accounting
for rotational modes, a mass-spring model was used to reproduce band gaps in a 2D phononic
crystal made of rigid cylinders in epoxy [28]. This model was enhanced to describe dispersion
relation for rotational modes of a 2D square array of rubber-coated steel cylinders in epoxy
[31]. However, no analytical approach for rotational metasolids based on full elastodynamics
has been reported so far.
Here, we study rotational modes and analyze their associated homogenized properties by
modeling analytically the classical three-component subwavelength structures through tak-
ing general assumptions and using direct first-principle elastodynamics without any fitting
parameters. This offers us not only essential physical insights for the effective dynamics of
the metasolid but also a quick and efficient guide to design materials with local rotational-
resonances. Additionally and in parallel, for each mode we have systematically calculated
the effective parameters of the metasolid based on the discrete mass-spring modeling, and
compared the results with those arising from the continuum elastodynamic model. This
comparison clarifies the limits of the mass-spring based model, in particular in terms of de-
scribing the effective-material dynamics related to the second local-resonance phenomenon
that manifests itself for all translational and rotational modes.
In the following, we introduce the elastodynamics equations at microscale in Sec. 2 for an
arbitrary shape of the inclusions. We then study the case of cylindrical inclusions in Sec. 3,
followed by the analysis for spherical inclusions in Sec. 4. In Sec. 5, the effective parameters
for translational and rotational modes are calculated for the homogenized media including
microscopically either cylindrical or spherical resonators. In the concluding Sec. 6, the main
results of the paper are briefly summarized.
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2. MICROSCALE EQUATIONS
The unit cell under consideration consists of a hard inclusion Ωa embedded in a hard
matrix Ωb via a soft cladding Ω (Fig. 1). The interfaces Γa and Γb located between Ωa and
Ω, and between Ωb and Ω, respectively, are assumed to be perfect. The materials constituting
Ωb and Ωa are very stiff with respect to the material forming Ω. For this reason, and within
the long-wavelength limit, we make the assumption that the inclusion Ωa and matrix Ωb are
rigid while the cladding Ω is linearly elastic [2, 32].
The elastodynamic formulation of the unit-cell system is based on the assumptions that
only the cladding is deformable and that the displacements of the inclusion and matrix are
small and the strains inside the soft layer are infinitesimal. Consequently, the kinematics of
the inclusion and the matrix can be formulated by
uˆα(r, t) = Vˆα(t) + Θˆα(t)× r, on Γα, (1)
where α = a, b, r is the position vector relative to a the origin O of a 3D space, and uˆ
represents the displacement field generated by a translational displacement vector Vˆα and
an infinitesimal rotation characterized by the 3D vector Θˆα. Considering the time-harmonic
motion of the foregoing unit system, we write uˆ(r, t) = u(r, ω)eiωt, Vˆα(t) = Vα(ω)e
iωt,
and Θˆα(t) = Θα(ω)e
iωt, where i =
√−1 and ω is the angular frequency. The motion
of the cladding made of a linearly elastic isotropic homogeneous material is described by
the following Navier equation together with the displacement continuity across the perfect
interfaces Γb and Γa:
(λ+ 2µ)∇(∇.u)− µ∇× (∇× u) = −ρω2u, in Ω (2a)
u(r, ω) = Vα(ω) +Θα(ω)× r, on Γα, α = a, b (2b)
where λ and µ are the Lame´ constants and ρ is the mass density of the coating material.
For later use, it is convenient to introduce the Helmholtz decomposition:
u =∇Φ +∇×Ψ, ∇.Ψ = 0, (3)
where Φ is a scalar field and Ψ a vector field. Using Eq. (3), the equation (2a) can be recast
into the following ones
∇
2Φ + h2Φ = 0, (4a)
∇
2Ψ+ κ2Ψ = 0 (4b)
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FIG. 1. Illustration of the cross-section of a 3D unit cell with coated inclusion of arbitrary shape:
rigid inclusion Ωa surrounded by the elastic cladding Ω and embedded in the rigid matrix Ωb. The
boundary regions of the cladding are denoted by Γa and Γb.
where h = ω/cl and κ = ω/ct with cl =
√
(λ+ 2µ)/ρ and ct =
√
µ/ρ being the celerities
of the longitudinal and transverse elastic waves, respectively, in an infinite linearly elastic
isotropic medium. In the following, we shall analytically solve the Helmholtz equations (4)
with the boundary conditions (2b) for two special cases of major interest.
3. MEDIA WITH CYLINDRICAL INCLUSIONS
The first special case concerns a material with structural units consisting of three coaxial
cylinders of height L, uniformly or periodically distributed. The inner cylinder Ωa is a
long revolution one of radius a ≪ L while the outer cylinder Ωb is bounded by an inner
cylinder of circular cross-section of radius b > a and an outer cylindrical surface with square
cross-section (Fig. 2a).
Regarding the geometry of the unit cell, it is convenient to use the cylindrical coordinates
associated orthonormal vectors er, eθ, and ez (Fig. 2b). As it was assumed in Sec. 2,
the inner and outer cylinders are rigid, whereas the cylindrical cladding is deformable. In
addition, since the dimensions of the unit cell are such that L≫ b > a, the six DOFs of the
motion of Ωa relative to Ωb can be reduced to four: two translations in the transverse plane,
one translation along the cylinder axis and one rotation about the latter. Thus, with no loss
of generality, the boundary conditions (2b) for the cladding Ω (Fig. 3) can be written as
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FIG. 2. Illustration of a unit cell with cylindrical or spherical inclusion in xy plane (a), and
coordinate system in 3D space (b).
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FIG. 3. Illustration of boundary conditions at the interfaces of the cladding, r = a and r = b, for
plane translation (a), rotation (b), and axial translation (c) motions.
(α = a, b)
u|r=α = Uα {cos θαex + sin θαey}+ αΘαez × er + Tαez, (5)
where Uα represents the amplitude of the displacement in the plane direction eα resulting
from the rotation of ex by the angle θα around ez. The last term in the above expressions
stands for the axial translation, with Tα the amplitude of the displacement along ez. The
last DOF, i.e. the rotation around the common axis ez, is proportional to Θαez × er, where
Θα is the infinitesimal amplitude of the rotation. To link the general form of the boundary
conditions (2b) to Eq. (5) associated with the case of cylindrical inclusions, it is obvious
that Vα ≡ Uαeα + Tαez and Θα ≡ Θαez (Fig. 3).
Considering the cylindrical nature of both the geometry and boundary conditions, the
displacement field u is clearly independent of the axial coordinate z, thereby the potentials
Φ and Ψ are also independent of z. Moreover, following Love [33], Ψ can be chosen to
take the form Ψ = ψθ(r, θ)eθ + Ψz(r, θ)ez. The condition ∇.Ψ = 0 in Eq. (3) is now
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satisfied if and only if Ψθ is independent of θ. Thus, the potential Ψ can be expressed as
Ψ = Ψθ(r)eθ +Ψz(r, θ)ez.
The general form of the solutions to the Helmholtz equations (4) can be written as
Φ(r, θ) =
+∞∑
n=0
{AnJn(hr) +BnYn(hr)} × {Cn cos(nθ) +Dn sin(nθ)} , (6a)
Ψz(r, θ) =
+∞∑
n=0
{EnJn(κr) + FnYn(κr)} × {Gn cos(nθ) +Hn sin(nθ)} , (6b)
Ψθ(r) = AJ1(κr) +BY1(κr), (6c)
where Jn (resp. Yn) stands for the n
th-order Bessel function of the first (resp. second) kind.
In these solutions, An, Bn, Cn, Dn, En, Fn, Gn, Hn, A, and B are unknown constants to be
determined.
Boundary conditions (5) and Helmholtz decomposition (3) expressed in cylindrical coor-
dinates lead to[
∂Φ
∂r
+
1
r
∂Ψz
∂θ
]
r=α,θ
= Uα cos(θα − θ), (7a)[
1
r
∂Φ
∂θ
− ∂Ψz
∂r
]
r=α,θ
= Uα sin(θα − θ) + αΘα, (7b)[
1
r
d(rΨθ)
dr
]
r=α,θ
= Tα. (7c)
Now, we are able to determine all unknown constants involved in Eqs. (6).
Owing to the linearity of the problem, general solution for the displacement field inside
the cladding Ω can be written as u = u(p) +u(a) +u(r), where u(p) refers to the translation
in xy plane, u(a) to the axial displacement in ez direction, and u
(r) to the rotation around
the axis (O, ez). The first displacement field u
(p) can be expressed as
u(p) = A1C1
{
J1(hr)
r
ex − hJ2(hr) cos θer
}
+B1C1
{
Y1(hr)
r
ex − hY2(hr) cos θer
}
+ E1H1
{
J1(κr)
r
ex + κJ2(κr) sin θeθ
}
+ F1H1
{
Y1(κr)
r
ex + κY2(κr) sin θeθ
}
+ A1D1
{
J1(hr)
r
ey − hJ2(hr) sin θer
}
+B1D1
{
Y1(hr)
r
ey − hY2(hr) sin θer
}
+ E1G1
{
−J1(κr)
r
ey + κJ2(κr) cos θeθ
}
+ F1G1
{
−Y1(κr)
r
ey + κY2(κr) cos θeθ
}
(8)
where the first four terms, and the last four terms describe the displacements generated
by the translations along x-axis and y-axis, respectively. The unknown coefficients in the
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above expression are the solutions to the linear systems (A1) and (A2) given in Appendix
A. As such, we find in different terms, the solution of the plane translation given in Ref. [2]
corresponding to the two DOFs related to translational motions.
The displacement due to the translation along the cylinders’ axis, i.e. ez, is expressed as
u(a) = κ {AJ0(κr) +BY0(κr)} ez. (9)
Finally the displacements related to the rotational motions are provided by
u(r) = κ {E0G0J1(κr) + F0G0Y1(κr)}eθ. (10)
After applying the boundary conditions (7), we obtain explicitly 1
u(a) =
(
J0(κr) Y0(κr)
)J0(κa) Y0(κa)
J0(κb) Y0(κb)

−1

Ta
Tb

 ez
=
(
J0(κr)Y0(κb)− J0(κb)Y0(κr)
J0(κa)Y0(κb)− J0(κb)Y0(κa)
J0(κa)Y0(κr)− J0(κr)Y0(κa)
J0(κa)Y0(κb)− J0(κb)Y0(κa)
)Ta
Tb

 ez, (11)
u(r) =
(
J1(κr) Y1(κr)
)J1(κa) Y1(κa)
J1(κb) Y1(κb)

−1

aΘa
bΘb

eθ
=
(
a
J1(κr)Y1(κb)− J1(κb)Y1(κr)
J1(κa)Y1(κb)− J1(κb)Y1(κa) b
J1(κa)Y1(κr)− J1(κr)Y1(κa)
J1(κa)Y1(κb)− J1(κb)Y1(κa)
)Θa
Θb

 eθ (12)
It is important to note that, these axial and rotational contributions of the motion in-
volves only κ (and not h). This is due to the state of shear dictating such kinematics.
This constitutes a key point in order to achieve an anisotropic effective density, and obtain
different characteristics for different directions.
We now use the equations of motion and the stresses that are known in the cladding,
to deduce the relation between the displacements of the core cylinder and the embedding
matrix. The equations of motion are written as
−Maω2Va =
∫
Γa
σ.n dS (13a)
−Iaω2Θa =
∫
Γa
r × (σ.n) dS (13b)
1 In the limit a → 0, i.e., making disappear the rigid core, the results presented in Ref. [34] can be easily
obtained as a particular case of these general expressions.
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TABLE I. Material properties of the three-component unit-cell.
Material Epoxy (matrix) Silicone (cladding) Lead (core)
λ [Pa] 4.43 × 109 6× 105 4.23 × 1010
µ [Pa] 1.59 × 109 4× 104 1.49 × 1010
ρ [kg.m−3] 1.18 × 103 1.3 × 103 11.6 × 103
where Ma = ρa(pia
2L) is the mass of the core cylinder with the density ρa, and Ia =Maa
2/2
is its moment of inertia. The stress tensor σ = µ(∇u +∇uT ) + λ(∇.u)I, with uT the
transpose of u and I the identity matrix, is known since the displacement u in the cladding
is fully determined. After some simple calculations, we obtain the relationship between
displacements of the core and the matrix, as follows

Ua =
−γg(p)(ω)
R(p)(ω)− ρa/ρ Ub := H
(p)(ω) Ub
Ta =
−g(a)(ω)
R(a)(ω)− ρa/ρ Tb := H
(a)(ω) Tb
Θa =
−γg(r)(ω)
R(r)(ω)− ρa/ρ Θb := H
(r)(ω) Θb
(14)
where γ := b/a. The expressions of R(p)(ω) and g(p)(ω), involved in plane translational
motion are given in the Appendix A [Eqs. (A4)], which can also be found also in Ref. [2].
The other components related to axial translation and rotation are expressed as

g(a)(ω) =
2
κa
J0(κa)Y1(κa)− J1(κa)Y0(κa)
J0(κa)Y0(κb)− J0(κb)Y0(κa)
R(a)(ω) =
2
κa
J1(κa)Y0(κb)− J0(κb)Y1(κa)
J0(κa)Y0(κb)− J0(κb)Y0(κa)
(15a)


g(r)(ω) =
4
κa
J1(κa)Y2(κa)− J2(κa)Y1(κa)
J1(κa)Y1(κb)− J1(κb)Y1(κa)
R(r)(ω) =
4
κa
J2(κa)Y1(κb)− J1(κb)Y2(κa)
J1(κa)Y1(κb)− J1(κb)Y1(κa)
(15b)
Fig. 4 shows the evolution of the displacement of the core cylinder for the three modes in
function of frequency, represented by H(p)(ω), H(a)(ω) and H(r)(ω), using the same mate-
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FIG. 4. Displacement of the cylindrical core normalized to and exited by that of the matrix,
based on the continuum model and discrete mass-spring model, and related to three modes: plane
translation, axial translation, and rotation. The displacement field patterns inside the elastic
coating layer (between the core and the matrix) for the frequency points (a), (b),...,(h) will be
shown in Fig. 5.
rial properties as in Ref.[1], that are shown in Table I and geometrical parameters with the
filling fraction for coated cylinders being 40%, 5.0 mm for the radius of the lead cylinder,
and the coating thickness is 2.5 mm. For these modes of plane translation, axial transla-
tion, and rotation, the displacement field patterns inside the cladding close to the first and
second resonance frequencies are depicted in Fig 5. Through Fig. 5, we observe that the
field amplitudes are maximum on the boundary of the rigid cylinder at the first resonance
frequency, while it is maximum inside the cladding at the second resonance frequency. The
field patterns in Fig. 5a to Fig. 5h correspond to the frequency points (a) to (h) in Fig.
4. Behaviors of H(a)(ω) and H(r)(ω) are similar to that of H(p)(ω), although obviously the
resonances relating to different types of motions, when R(ω) ≡ ρa/ρ, are located at different
frequencies. Indeed, the first resonances for axial, rotational and plane modes are obtained,
respectively, at f
(a)
0 ≈ 128 Hz, f (r)0 ≈ 217 Hz and f (p)0 ≈ 355 Hz. These resonances concern
rigid-body mode insofar as the core vibrates as a whole within the elastic cladding. In this
case, the dynamics of the structural unit suggests that the unit can be reasonably assim-
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ilated to a simple mass-spring system for the translational [35] as well as rotational mode
[32], by taking the hard cylinder as the mass, the cladding as the spring, which is attached
to the mass on one side and to the rigid matrix on its other side. The mass-spring system
is exited by the motion of the matrix.
Based on this mass-spring model the first resonance frequencies f
(p)
0 , f
(a)
0 , and f
(p)
0 for
plane translation, axial translation, and rotation motions, respectively, can be obtained as
follows
f
(p)
0 = f0
{
8(1− ν)(3− 4ν)γ2
(3− 4ν)2 ln γ − γ2−1
γ2+1
}1/2
, f
(a)
0 = f0
(
2γ2
ln γ
)1/2
, f
(r)
0 = f0
(
8γ4
γ2 − 1
)1/2
, (16)
where f0 = (1/2pi)
√
µ/ρab2. With our present configuration, the above formulas give f
(a)
0 ≈
131 Hz, f
(r)
0 ≈ 224 Hz, and f (p)0 ≈ 360 Hz. The good agreement with the resonance
frequencies from the continuum model that is observed allows us a very fast and simple
estimation of the first resonance frequencies, especially in terms of geometrical and material
parameters associated with each constituent. To obtain the displacement based on the mass-
spring model, we need to calculate the effective spring constants for each of the translational
and rotational modes. The corresponding expressions for the effective spring constants in
terms of microscale material parameters, relating to the three modes, are found in Appendix
B.
The study of relations (16) makes it possible to demonstrate that f
(a)
0 always remains
smaller than the other two resonance frequencies, whatever the geometrical parameters
and material properties of the coating layer. This can be observed in Fig. 6. The re-
lations (16) also show that unlike the Poisson’s ratio ν = λ/ {2(λ+ µ)}, the Lame´ co-
efficient µ does not change the positions of the frequencies f
(p)
0 , f
(a)
0 , and f
(r)
0 relative
to each other. More precisely, for Poisson’s ratio laying in the interval 0 ≤ ν ≤ 1/4,
the rotational resonance always manifests itself at higher frequency compared with the
plane translation resonance (f
(p)
0 < f
(r)
0 ), whereas for Poisson’s ratio 1/4 < ν ≤ 1/2 the
relative position of these two frequencies evolves with the form factor γ = b/a. This
implies that for small inclusions such that γc(ν) < γ, we have f
(p)
0 < f
(r)
0 , and vice
versa otherwise; where γc(ν) is the unique solution to the equation f
(p)
0 (γ) = f
(r)
0 (γ), i.e.,
ln γ =
1
(3− 4ν)2
{
(1− ν)(3− 4ν)
(
1− 1
γ2
)
+ 1− 2
γ2 + 1
}
. We note that γc(ν) is an in-
creasing function, varying from 1 for ν = 1/4, to about 3.80 when ν = 1/2. Fig. 6 illustrates
these remarks; in particular it shows the evolution of f
(p)
0 with γ for three representative val-
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FIG. 5. Displacement field distributions inside the coating layer close to the first and second
resonance frequencies for the modes related to plane translation, axial translation, and rotation.
The displacements are normalized such that they have fixed unit value on the outer boundary of
the coating, i.e., at r = b in Fig. 3. The field patterns in (a), (b), ..., (h) are related to respective
frequency points shown in Fig. 4.
1 1.5 2 2.5 3 3.5 40
5
10
15
20
25
γ
F
ir
st
re
so
n
a
n
ce
fr
eq
u
en
cy
 
 
Plane translation (ν = 0.47)
Plane translation (ν=1/8)
Plane translation (ν= 3/8)
Axial translation
Rotation
γc(ν = 0.47)γc(ν = 3/8)
}f (p)0 /f0
f
(r)
0 /f0
f
(a)
0 /f0
FIG. 6. Evolution of the first resonance frequencies normalized by f0 and estimated by the discrete
mass-spring model [Eq. (16)], with the form factor γ = b/a. The dependence of plane-translation
mode on the Poisson’s ratio ν of the coating is also illustrated. The Poisson’s ratio takes two
representative values 1/8 and 3/8 in the intervals [0, 1/4] and [1/4, 1/2], respectively. The value of
ν = 0.47 corresponds to the material parameters studied as an example throughout this paper (see
Table I). The axial-translation and rotation modes are independent of ν.
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ues of ν: 1/8 (0 ≤ ν ≤ 1/4), 3/8 (1/4 < ν ≤ 1/2), and 0.47 that is the value for the structure
studied in particular in this paper (Table I), laying also in the interval 1/4 < ν ≤ 1/2.
Although, as seen in Fig. 4, the mass-spring model describes well the dynamics of the
material at lower frequencies including the first resonances, it fails to predict the second
resonance behavior for all of the three modes. This is due to the fact that the displacement
field at the second resonance which is mainly produced by the standing waves inside the
coating layer, while the lead cylinder follows the motion of the matrix and remains practically
at rest (see Ref. [2] for plane translation mode). We know that the spring, modeling the
coating layer, has been assumed to be massless, and consequently this discrete model by its
construction cannot describe the second resonance. That being said, if we consider a more
complex discrete model by taking into account a mass for the mode-related springs a second
local resonance in the elastic medium will appear. However, the outcome of latter model does
not correspond to that of continuum model; particularly because in the mass-spring model
the springs function in one dimension, while at the second local resonance, the displacement
fields in the coating layer can be distributed in three dimensions taking, e.g. the shear effects
into account. The distribution of displacement field in the xy plane for each of the three
modes is shown in Fig. 5, close to the first and to the second resonance frequencies. In this
figure, comparison of the field pattern at the first resonance for either of the modes with
those arising from the same mode but at the second resonance, shows that at the second
resonance the displacement field is distributed in space to a significantly greater extent than
that related to the first resonance. In addition, the evaluation of the spring constants is
performed in a quasi-static regime, which is further from the frequency-dependent nature of
the second resonance occurring inside the elastic layer at higher frequencies. The resonance
frequencies in Figs. 5a to 5h, correspond to the points (a), (b), ..., and (h) in Fig. 4. The
second resonance of the structure almost coincides with the first cladding resonance. This
first cladding frequency can be estimated by searching for the first root of the determinant,
which is a classical technique for modal analysis. In fact, we can proceed to find the solutions,
by imposing a zero-displacement for the lead cylinder within the continuum model, assuming
that the resonance occur only inside the elastic medium. Thus, we are led to determine the
first root of ∆(p), ∆(a), and ∆(r) in order to find the second resonance frequency of the
plane translation, axial translation, and rotation mode, respectively, through the following
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TABLE II. Fist resonance (R1) and second resonance (R2) frequencies obtained by the contin-
uum model, discrete model [Eqs. (16)], and estimation [Eqs. (17)], for plane translation, axial
translation, and rotation modes.
Frequency Plane (Hz) Axial (Hz) Rotation (Hz)
Continuum model: R1 355 128 217
Discrete model : R1 360 131 224
Continuum model: R2 1236 1120 1140
Estimation: R2 1236 1107 1116
equations
∆(p)(ω) := detD = det

[E(ha)] [F (κa)]
[E(hb)] [F (κb)]

 = 0,
∆(a)(ω) := J0(κa)Y0(κb)− J0(κb)Y0(κa) = 0, (17)
∆(r)(ω) := J1(κa)Y1(κb)− J1(κb)Y1(κa) = 0.
We refer to the equation (A1) in Appendix A for the derivation of the first relation and the
definition of the associated block matrix D. The two last relations arise from the equations
(11) and (12). The first and second local-resonance frequencies related to different modes,
and calculated by different methods, are collected in Table II, in order to easily compare
these values associated with their respective method of calculation. In particular, it can be
noticed that the relations (17) provide good estimations of the second resonance frequencies.
4. MEDIA WITH SPHERICAL INCLUSIONS
Here, we study the same kind of problem as in the previous section with the only difference
that the geometry of the structural unit is changed: the cylinder of radius a and height L≫ a
is replaced by a hard ball of radius a. An embedding matrix has now spherical cavities of
radius b, that are filled with the hard spheres and a concentric elastic cladding such that
a < R < b (Fig. 2a). All these structural components are made of the same materials
as in the case of cylindrical system (see Table I), so that the same simplifications can be
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applied to the corresponding kinematics. By virtue of the analysis in the previous section
with coaxial cylinders, it is evident to claim, without any calculations, that for an arbitrary
motion of the embedding matrix as a rigid body, the same type of motion is induced for the
embedded hard ball. The superposition principle, verified for the previous case, suggests us
that translations and rotations are totally uncoupled. A translation in a fixed direction or a
rotation around a fixed direction, will lead, respectively, to the same translation or rotation
for the hard ball, but with possibly different amplitude and/or phase.
Moreover, assuming a total isotropy of the problem, it is now convenient to consider,
independently, only one translation in a certain direction and one rotation around a fixed
axis to describe the whole kinematics of this problem. The former problem regarding the
translational mode based on the continuum model has been solved in Ref. [2]. In fact,
regarding the translational mode, we only need to replace the Bessel functions in the cylin-
drical system by spherical Bessel functions and use the formalism explained in Appendix A.
The aim of this section is to describe the kinematics of the rotational mode according to
the continuum model, and compare with its counterpart built upon the discrete mass-spring
model. Related equations of motion to be solved, for the cladding zone and its boundaries
are stated as follows
(λ+ 2µ)∇(∇.u)− µ∇× (∇× u) = −ρω2u, (18a)
u|R=α = Θα × r|R=α , α = a, b. (18b)
Without loss of generality, we can choose Θα = Θαez (see Fig. 2b for the coordinate
system), so that the solution is of the form u = uθ(R,ϕ)eθ ≡ f(R) sinϕeθ. The equation
(18b) becomes f ′′(R) + (2/R)f ′(R) + (κ2 − 2/R2)f(R) = 0, with the boundary conditions
f(R = α) = αΘα, following (18b). We can find the solution explicitly in terms of the first
order spherical Bessel functions of the first -j1- and second -y1- kind :
u =
(
j1(κR) y1(κR)
)j1(κa) y1(κa)
j1(κb) y1(κb)

−1

aΘa
bΘb

 sinϕeθ
=
(
a
j1(κR)y1(κb)− j1(κb)y1(κR)
j1(κa)y1(κb)− j1(κb)y1(κa) b
j1(κa)y1(κR)− j1(κR)y1(κa)
j1(κa)y1(κb)− j1(κb)y1(κa)
)Θa
Θb

 sinϕeθ (19)
As in Sec. 3, we derive the relation between the displacement of the lead sphere and the
embedding matrix by applying the equation of motion for the coated sphere, and using the
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FIG. 7. Displacement of the spherical core normalized to and exited by that of the matrix, based on
the continuum model and discrete mass-spring model, and related to two modes: plane translation
and rotation.
fact that the stresses in the cladding can be known through the displacements [Eq. (19)]:
−Iaω2Θa =
∫
Γa
r × (σ.n) dS (20)
where the moment of inertia of the hard sphere Ia = 2Maa
2/5 around ez. We finally obtain
Θa =
−γg(r)∗ (ω)
R
(r)
∗ (ω)− ρa/ρ
Θb := H
(r)
∗ (ω) Θb, (21)
provided that

g(r)∗ (ω) =
5
κa
j1(κa)y2(κa)− j2(κa)y1(κa)
j1(κa)y1(κb)− j1(κb)y1(κa)
R(r)∗ (ω) =
5
κa
j2(κa)y1(κb)− j1(κb)y2(κa)
j1(κa)y1(κb)− j1(κb)y1(κa)
(22)
Evolution of rotational displacement H
(r)
∗ , and translational displacements of the lead
sphere with frequency are shown in Fig. 7, for a medium with the filling fraction 47%, the
lead sphere radius a = 0.5 cm, and the thickness of the coating layer is 0.25 cm. We note
that, here also, with our material and geometrical parameters, the first two local resonances
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of the rotational mode occur in lower frequencies compared to those of translational mode,
as in the case of cylindrical inclusions. The first resonance frequencies for the translation
f
(p)
0 ≈ 380 Hz and for rotational f (r)0 ≈ 261 Hz. Similarly to the case of cylindrical system,
the frequency of these resonances that correspond mainly to the vibration of the core sphere
can be estimated through mass-spring models, leading to the following expressions
f
(p)
0 = f0
{
18
(1− ν)(2− 3ν)γ2
(5− 6ν)(2− 3ν)(γ−1
γ
)− 5
4
(γ2−1)2
γ5−1
}1/2
, f
(r)
0 = f0
(
15γ5
γ3 − 1
)1/2
. (23)
With our specific parameters, the above formulas give f
(p)
0 ≈ 381 Hz and f (r)0 ≈ 272 Hz,
which are quite close to those obtained by the continuum model, in particular for the trans-
lation mode. Based on the mass-spring model, the displacement of the hard sphere can be
obtained following the calculation of spring constants equivalent of the elastic layer [see Eqs.
(B2) in Appendix B]. Because of the physics of the second resonances in the cladding, we
see here also from Fig. 7, that the mass-spring model ignore these resonances.
The study of the equations (23) leads to the similar conclusions as in Sec. 3. Indeed, as
long as 0 ≤ ν ≤ 1/4, the rotational resonance frequency f (r)0 is higher than the translational
resonance frequency f
(p)
0 . For 1/4 < ν ≤ 1/2, the relative positions of these resonances
evolves with the parameter γ = b/a: for the small size inclusions γc(ν) < γ, we have
f
(p)
0 < f
(r)
0 , and vice versa otherwise (Fig. 8). The quantity γc(ν) is the unique solution
to the equation f
(p)
0 (γ) = f
(r)
0 (γ), which is an increasing function between 1 for ν = 1/4,
and 2.71 when ν = 1/2. Fig. 8 shows the evolution of f
(p)
0 with γ for three values of ν:
1/8 (0 ≤ ν ≤ 1/4), 3/8 (1/4 < ν ≤ 1/2), and 0.47 that is the value corresponding to
displacement behavior in Fig. 7.
5. EFFECTIVE-MEDIUM PROPERTIES: METASOLIDS
The knowledge of the kinematics of the cladding is of great interest to go forward in the
dynamical homogenization of the whole structure, with the hard coated cylinder or sphere.
Indeed, our purpose is now to describe the homogenized behavior of the hard inclusion, the
cladding and the matrix; and to obtain the key effective-parameters of the medium.
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FIG. 8. Evolution of the first resonance frequencies normalized by f0 and estimated by the discrete
mass-spring model [Eq. (23)], with the form factor γ = b/a. The dependence of plane-translation
mode on the Poisson’s ratio ν of the coating is also illustrated. The Poisson’s ratio takes two
representative values 1/8 and 3/8 in the intervals [0, 1/4] and [1/4, 1/2], respectively. The value of
ν = 0.47 corresponds to the material parameters studied as an example throughout this paper (see
Table I). The rotational mode are independent of ν.
5.1. Homogenization for translational modes
For a given translation of the embedding matrix Vb, we aim at finding the equivalent
density for the embedded solid (sphere or cylinder) and the cladding, subject to the induced
translation Va. The knowledge of the stress distribution in the cladding permits us to
evaluate the total force applied on the cladding by the matrix, and subsequently to derive
the homogenized density. Indeed we can write
−ρeVeω2Vb =
∫
Γb
σ.n dS (24)
where Ve is the volume of the region occupied by the hard inclusion Ωa and the cladding Ω,
i.e. the region Ωa∪Ω, that is bounded by the surface Γb. The frequency-dependent effective
density ρe is defined for each point inside Ωa ∪Ω and must coincide with the static effective
value given by φ˜aρa+ φ˜ρ, with φ˜a and φ˜ being the filling fraction of the coated solid and the
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cladding, respectively, such that φ˜a + φ˜ = 1.
In order to obtain the effective density for the whole unit cell, it remains to include the
density of the matrix ρb, so that we can finally set ρeff = (φ+φa)ρe+ φbρb, where φa, φ and
φb stand for the filling fraction of the coated solid, the cladding and the embedded matrix,
respectively, such that φa + φ+ φb = 1.
The case of spherical inclusions has been studied in Ref. [2], through a result with an
analytical expression 2. Therefore, here we only deal with the cylindrical inclusions, where
in particular an anisotropic aspect appears due to the fact that we take into account not
only the plane-translation mode, but also the axial mode. Inserting Vb ≡ Ub + Tb in (24),
the decoupling between the plane and axial translations leads to two different expressions
for the effective density ρe, depending on whether we are dealing with the axial or plane
translation. The anisotropy due to the geometrical configuration of the unit cell is obviously
the cause for the anisotropy of the effective mass density. We must consider the effective
density ρeff as a second order tensor, and rewrite Eq. (24) as −Veω2ρeff .Vb =
∫
Γb
σ.n dS.
Thus, the final expression will be
ρeff (ω) = ρ
(p)
eff (ω) (ex ⊗ ex + ey ⊗ ey) + ρ(a)eff (ω)ez ⊗ ez
with (β = p, a)
ρ
(β)
eff = (φ+ φa)ρ
(β)
e + φbρb, (25)
ρ(β)e (ω) = ρ
{
g
(β)
1 (ω) + g
(β)
2 (ω)H
(β)(ω)
}
, (26)
2 Note that there is a mistake in the given expressions of g(ω), R(ω), g1(ω) and g2(ω) [Eqs. (24), (25),
(32) and (33) in this paper]. The terms (T11 + T12)j1() + (T21 + T22)n1() involved in g(ω) and g1(ω)
and (T13 + T14)j1() + (T23 + T24)n1() involved in R(ω) and g2(ω) should be multiplied by (1 + (α/β)
2).
However, the graphics in Fig. 2 seem to be correct.
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FIG. 9. Effective mass densities based on continuum model and also discrete mass-spring model,
associated with plane translation, axial translation, and rotation modes for media with cylindrical
inclusions; and with plane translation and rotation modes for media with spherical inclusions.


g
(p)
1 (ω) =

[G(hb)]
[G(κb)]


T [E(ha)] [F (κa)]
[E(hb)] [F (κb)]


−1[0]
[1]


g
(p)
2 (ω) =
1
γ

[G(hb)]
[G(κb)]


T [E(ha)] [F (κa)]
[E(hb)] [F (κb)]


−1[1]
[0]




g
(a)
1 (ω) =
2
κb
J0(κa)Y1(κb)− J1(κb)Y0(κa)
J0(κa)Y0(κb)− J0(κb)Y0(κa)
g
(a)
2 (ω) =
2
κb
J1(κb)Y0(κb)− J0(κb)Y1(κb)
J0(κa)Y0(κb)− J0(κb)Y0(κa)
where the elements of the block matrices are defined in Appendix A. Fig. 9 shows the
evolution of ρ
(β)
eff (ω)/ρ
(β)
eff (0) with frequency, where we assume that ρ
(β)
eff (0) matches with the
static value ρ0 ≡ φaρa + φρ + φbρb. The evolutions for the axial or plane translations are
qualitatively similar, but quantitatively different in that ρ
(a)
eff becomes negative at a lower
frequency compared to ρ
(p)
eff in accordance with the fact that the first resonance occurs for
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the axial mode (Fig. 4). We explained in Sec. 3 that the (first) resonance of the axial should
emerge at lower frequency, independently of the micro-structural parameters. This can be of
particular interest, given that it is more challenging to make attenuate low-frequency waves.
We note, however, that the resonance band where the mass density becomes negative, may
also be less wide for the axial mode. With the present material and geometrical parameters,
the band width for the axial mode ∆f (a) ≈ 118 Hz, while that of plane-translational mode
∆f (p) ≈ 280 Hz.
The effective masses related to the plane translations for media with cylindrical or spher-
ical inclusions, and axial translation modes, can also be calculated through the discrete
mass-spring model. Once the effective spring constants k
(p)
eff (plane translation) and k
(a)
eff
(axial translation) are obtained (Appendix B), and the displacements Ua/Ub (plane transla-
tion), Ta/Tb (axial translation) calculated (Secs. 3 and 4), the equations of motion for the
respective mass-spring systems lead easily to the frequency-dependent effective-masses for
plane and axial translations. Fig. 9 shows these effective masses divided by the volume of
the structural unit, in function of frequency. We see that the discrete model predicts well
the dynamic effective densities in low frequencies including the first negative region for both
plane and axial translation modes. Expectedly, from the analysis on the resonance behaviors
in Secs. 3 and 4, the second negative regions of effective mass densities that correspond to
the second resonances (Figs. 4 and 7), are ignored by the discrete model for both modes
and medium micro-geometries (Fig. 9).
5.2. Homogenization for rotational modes
In order to obtain the effective parameter related to the rotations, we apply first the
angular equation of motion to the sub-structure Γb∪Γ formed by the hard inclusion and the
cladding. It reads
−Ieω2Θb =
∫
Γb
r × (σ.n) dS (28)
where Ie denotes the resulting moment of inertia around ez for the embedded rigid body and
its surrounded cladding that move in phase. Following a similar procedure regarding transla-
tion modes, we can establish the expression of the density of the moment of inertia ie(ω) such
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that dIe = iedVe. Since this unusual quantity is obviously intensive in thermodynamic sense,
its homogenization in the medium should be possible. Tensorial behavior is involved to en-
sure the anisotropic aspects of the problem, hence we write : −ω2Veie.Θb =
∫
Γb
r×(σ.n) dS.
Similar to the case of translations, the formal expression of the effective density of the
moment of inertia can be written as ieff (ω) = (φa + φ)ie(ω) + φbibI.
The spherical system gives rise to an effective density of moment of inertia ieff ≡ ieffI,
with
ieff (ω) = (φa + φ)ie(ω) + φbib, (29)
provided that
ie(ω) =
2
5
ρb2
{
h∗1(ω) + h
∗
2(ω)H
(r)
∗ (ω)
}
(30)
where,

h∗1(ω) =
5
κb
j1(κa)y2(κb)− j2(κb)y1(κa)
j1(κa)y1(κb)− j1(κb)y1(κa)
h∗2(ω) =
5
γκb
j2(κb)y1(κb)− j1(κb)y2(κb)
j1(κa)y1(κb)− j1(κb)y1(κa)
The isotropy of ieff is clear and it is evident that ieff (ω) coincides with the static value
i0 := φaia + φi + φbib in the quasistatic limit ω → 0; with ia = 2
5
ρaa
2, i =
2
5
ρ
b5 − a5
b3 − a3 , and
ib =
1
6
ρb
L5 − 16pib5/5
L3 − 4pib3/3 .
Employing the same method that was used in the case of spherical system, for media
with cylindrical inclusions, we obtain
ie(ω) =
1
2
ρb2
{
h1(ω) + h2(ω)H
(r)(ω)
}
(31)
with

h1(ω) =
4
κb
J1(κa)Y2(κb)− J2(κb)Y1(κa)
J1(κa)Y1(κb)− J1(κb)Y1(κa)
h2(ω) =
4
γκb
J2(κb)Y1(κb)− J1(κb)Y2(κb)
J1(κa)Y1(κb)− J1(κb)Y1(κa)
where ia =
1
2
ρaa
2, i =
1
2
ρ(b2 + a2), and ib =
1
6
ρb
L4 − 3pib4
L2 − pib2 .
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FIG. 10. Density of moment of inertia based on continuum model and discrete mass-spring model,
for media with cylindrical inclusions and spherical inclusions.
Fig. 10 presents the behavior of ieff in function of frequency, for media with cylindrical
and spherical inclusions. This behavior with the negative values near rotational stop-band
frequencies is similar to that we observed earlier for the effective mass densities. Here also,
after calculating the spring constants for analogous mass-spring system (Appendix B), and
then obtaining the displacement Θa/Θb (Figs. 4 and 7), the effective mass densities can be
expressed according to the discrete model. Again, from Fig. 10 we observe that negative
mass densities related to the lower resonance frequency band are appropriately described by
the discrete model, while those associated with the higher frequency band, that is largely
due to the rotational resonance inside the coating, are disregarded.
6. SUMMARY AND CONCLUSIONS
A metasolid composed of a distribution of either cylindrical or spherical hard inclusions
coated by a soft material has been studied. Generalizing an existing continuum model [2]
that describes resonance-induced band gaps related to plain-translational modes, we provide
analytical analysis to investigate anisotropic properties in the case of cylindrical inclusions,
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and also rotational modes for both cylindrical and spherical systems.
We showed that the translational mode along the cylinders’ axis and the rotational mode
in both cylindrical and spherical systems could generate band gaps at low frequencies. The
band gaps that originate in local resonance phenomena at long-wavelength regime, are tun-
able in terms of frequency by changing the coating’s elastic properties and geometrical pa-
rameters of the structural unit. Furthermore, for all translational and rotational modes we
found that the discrete mass-spring model could provide appropriate description of the ma-
terial’s kinematics including first resonances, but neglects the second resonances that occur
at higher frequencies and mainly arise from resonances inside the coating. The mass-spring
model also provides simple analytical expressions allowing us to study easily the kinematics of
first resonances in terms of the material parameters. We demonstrated that, while the macro-
scopic material dynamics is dictated by the effective mass densities for translational modes, it
is characterized by its effective moment of inertia regarding the rotational modes. Through
analytical expressions, it was shown that components of frequency-dependent anisotropic
effective densities for translational modes, and effective density of moment of inertia for
rotational mode, become negative near corresponding resonance frequencies. These effective
parameters have been also calculated based on the mass-spring model, and their limits have
been clarified by comparison to the continuum model.
These results establish a step forward for metasolid characterization via introducing the
density of moment of inertia as an effective-medium parameter. They give insight to im-
proving the tunability of the metasolid for various applications, such as sound and vibration
isolation, and can serve as a physical-based quick guide for optimal design of the material
to exhibit desired properties.
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Appendix A: Expressions of the solutions to Helmholtz equations
Here, we will give the explicit form of the solutions to the Helmholtz equations (4),
combined with the boundary conditions for the case of cylindrical inclusions in Section 3.
The boundary conditions (7) and the solutions (6) lead to the following first conclusions

Cn = 0 = Dn = Gn = Hn, ∀n ≥ 2;
A0C0 = 0 = B0C0
E0G0 and F0G0 to be determined;
A1C1, B1C1, E1H1, and F1H1 to be determined;
A1D1, B1D1, E1G1, and F1G1 to be determined.
The expressions of the unknowns E0G0 and F0G0 are established in the article. The
coefficients A1C1, B1C1, E1H1 and F1H1 involved in (8) are solutions to the following linear
system

[E(ha)] [F (κa)]
[E(hb)] [F (κb)]


︸ ︷︷ ︸
D


A1C1
B1C1
E1H1
F1H1

 =

[Ca]
[Cb]

 , (A1)
where the matrices used in the bloc-matrix formalism are
[E(x)] =

xJ′1(x) xY′1(x)
J1(x) Y1(x)

 , [F (x)] =

 J1(x) Y1(x)
xJ′1(x) xY
′
1(x)


and [Cx] =

xUx cos θx
xUx cos θx

 .
Similarly, the coefficients A1D1, B1D1, E1G1 and F1G1 in (8) are determined by solving
the linear system:

[E(ha)] −[F (κa)]
[E(hb)] −[F (κb)]




A1D1
B1D1
E1G1
F1G1

 =

[Sa]
[Sb]

 (A2)
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with the same notations for the matrices [E(x)] and [F (x)], whereas [Sx] =

xUx sin θx
xUx sin θx

.
The solutions of the above linear systems can be obtained with bloc-matrix formalism, which
leads to the final expression for the displacement field involved in (8).
It is easy now to compute the ratio between the relative plane translations Ua and Ub.
Using (13), after some formal calculations, we obtain
Ua = H
(p)(ω) Ub =
−γg(p)(ω)
R(p)(ω)− ρa/ρ Ub (A3)
with

g(p)(ω) =

[G(ha)]
[G(κa)]


T [E(ha)] [F (κa)]
[E(hb)] [F (κb)]


−1[0]
[1]


R(p)(ω) =

[G(ha)]
[G(κa)]


T [E(ha)] [F (κa)]
[E(hb)] [F (κb)]


−1[1]
[0]


(A4)
where [G(x)] =

J1(x)
Y1(x)

, [0] =

0
0

, and [1] =

1
1

.
We note that the relation (A3) is not only obtained for the plane translation in ex
direction (given after solving (A1)), that is Ua cos θa = H
(p)(ω)Ub cos θb, but also for the
plane translation in ey direction (given after solving (A2)), i.e., Ua sin θa = H
(p)(ω)Ub sin θb.
Although this seems clear in the physical sense, the mathematical treatment is relatively
tedious.
Appendix B: Expressions for effective stiffnesses according to mass-spring model
The effective stiffnesses based on the discrete mass-spring model are obtained by using
the static regime of general equations (2a) for the cladding with ω = 0, and by imposing
zero displacement on the inner boundary of the cladding Γa, with Va = 0 and Θa = 0,
regarding Eq. (2b). The resulting force gives the spring constants for translations (plane
and axial), and the resulting torque leads to the spring constant for rotational motion. The
corresponding equations are∫
Γa
σ.n dS = keffVb and
∫
Γa
r × (σ.n) dS = CeffΘb,
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for translational and rotational motions, respectively. In the above equations keff is the
spring constant, equivalent of the coating-layer that is represented by a spring in 1D ten-
sion/compression, and related to the (plane and axial) translational motion of the layer.
Likewise, Ceff is the spring constant describing the torsional stiffness of the coating layer
that is taken to be analogous to a spring in 1D tension/compression, related to the rota-
tional motion of the layer. For cylindrical inclusions, the expressions of these constants are
obtained as
k
(p)
eff = µ
8piL(1− ν)(3− 4ν)
(3− 4ν)2 ln γ − γ
2 − 1
γ2 + 1
, k
(a)
eff = µ
2piL
ln γ
, C
(r)
eff = µ
4pib2L
γ2 − 1 , (B1)
where k
(p)
eff , k
(a)
eff , and C
(r)
eff refer to plane translation, axial translation, and rotation, respec-
tively. For the spherical inclusions, we obtain
k
(p)
eff = µ
24pia(1− ν)(2− 3ν)
(5− 6ν)(2− 3ν)(γ − 1
γ
)− 5
4
(γ2 − 1)2
γ5 − 1
, C
(r)
eff = µ
8pib3
γ3 − 1 . (B2)
The expressions for spring constants k
(p)
eff and C
(r)
eff for media with cylindrical and spherical
inclusions can also be found in Ref. [32].
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